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Abstract—We present a fast, large-scale algorithm for the
simulation of electromagnetic waves (Maxwell’s equations) in
three-dimensional inhomogeneous media. The algorithm has a
complexity of O(Nlog(N)) and runs in parallel. Numerical
simulations show the rapid treatment of problems with tens of
millions of unknowns on a small shared-memory cluster (< 16
cores).

Index Terms—Fast Algorithms, Fast Fourier Transform,
Maxwell’s equations, Electromagnetic Waves, Inhomogeneous
Media, multiprocess physical system computing, high perfor-
mance parallel applications, imaging data analysis

I. INTRODUCTION

Maxwell’s equations (4) form the backbone of classical
electromagnetic theory. Their solutions provide the value of
the electrical field and magnetic field as functions of space
and are of prime importance in multiple applications ranging
from medical imaging [1], radar scattering [2], and geophysics
[3] to modern applications involving metamaterials [4].

A. Related Material

In an integral equation framework [5], the numerical solu-
tion of the system of eqn. (4) can be formulated through a
self-consistent linear equation of the form

u(z) — / Gy uly) dy = f (@), )

where <a(:r,y) is called the kernel or Green’s function (see
Section II). This kernel has two characteristics that present
challenges when solving the equation numerically: it is long-
range, and it possesses a strong singularity at the origin
(O (7). These characteristics lead to large and dense linear
systems, especially when high sccuracy is desired. To solve the
latter numerically, fast and scalable algorithms are necessary.

In this regard, there exists two broad families of methods
to tackle the problem: Fast Multipole Method (FMM)-based
techniques [6]-[9] and Fast Fourier Transform (FFT)-based
techniques [10].
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FMM-based  algorithms rely on a  complex
adaptive/hierarchichal discretization of the computational
domain that depends on the local regularity of the function
f(x) and the kernel. These algorithms are asymptotically fast
but often slower than FFT-based algorithms due to a larger
computational constant. Further, they can exhibit numerical
instabilities in certain frequency regimes [11] and do not
completely address issues associated with the singularity at
the origin.

FFT-based techniques are well-adapted to problems in
which a uniform mesh is appropriate given the regularity and
smoothness of the function f(x). In this case, there exists two
common approaches to the discretization problem. The first
approach is referred to as locally-corrected quadratures where
the discretized version of the integral in eqn. (1) takes the
form

T DG ) )+ Y w ), @

where {w, ,} are appropriately-chosen weights. In particular,
it can be shown [12]-[18] that by choosing {wy ./} and
other parameters appropriately, one can obtain a high-order,
numerically stable quadrature. Then, since the discretization is
carried over a uniform grid, the resulting matrix-vector product
can then be computed rapidly using the FFT.

We refer to the second approach as a truncated kernel
technique [10]. This technique possesses two significant ad-
vantages over the aforementioned technique: First, it does
not require the computation of weights {w,, ,}, which can
be quite involved. Secondly, and more importantly, when the
function f(z) is both smooth and compactly supported, the
truncated kernel method offers spectral accuracy. Our work
uses a technique closely related to the truncated kernel method.
It is described in detail in Section II.

B. Our contributions

In summary, the benefits of the FFT-based methods include
high accuracy and low computational costs. Our contributions
in these regards include:

1) A generalization of the truncated kernel method to
Maxwell’s equations.

2) A parallel, large-scale shared-memory implementation
of the resulting Maxwell’s equations solver.



IT. NOTATION & FRAMEWORK

In this section, we introduce the problem and the notation
we shall use throughout this paper. First, we designate the
three-dimensional electric field and magnetic field by E(x)
and H(x) for x € R3. We also denote the spatially-dependent
permittivity, conductivity and permeability tensors by e(x),
o(x) and p(x), respectively, and let the constants ¢y and g be
the permittivity and permeability of a vacuum.! These prop-
erties characterize the medium through which electromagnetic
waves propagate (Maxwell’s equations (4)). We further restrict
our attention to diagonal tensors, i.e.,

|:ex(x) 0 0 :|
ex)=1] 0 e’ (x) o |, 3)
0 0 € (x)

The special case where all three diagonal components are
equal, ie., €(x) = ¥(x) = €*(x) for all z € R?, is
also referred to as isotropic. Such restrictions do simplify the
analysis and the presentation of the results but do not reduce
the scope of the technique, which can deal with general 2-
tensor fields.

In their simplest form,> Maxwell’s equations take the form

V x H(x) — (iwe(x) + o(x))E(x) = J(x) 4
V x E(x) + iwu(x)H(z) = M(x), @
where E(x) is the electrical field and H(x) is the magnetic
field, and it is assumed that there is no free charge density, i.e.,
V-J(x) =0and V-M(x) = 0. Here, J(x) and M(x) are the
electric and magnetic source currents, and w is the angular
frequency. These constitute the physical model for which we
present a fast computational solution technique. Under the
appropriate circumstances,® the PDE system in eqn.(4) has
a unique solution characterized by the self-consistent linear
system described in Theorem 1.

Theorem 1. Lippmann-Schwinger framework Define the
E(X):| as [AHE(Z‘) + AlgH(l‘)

matrix-vector product A [

e H(x)| “ | A E(z) + ApH ()
An(B(2) = —iwpo / (@) by By, )
Aw(H / V x G(z,y) (—aly) Hy)dy (6
Aoi (E /V x G (x,) b(y) E(y)dy, )
Az (H Zweo/%) z,y) H(y)dy, ®)

Tep = 8.85418781 - 10712 F/m; po = 1.25663706144 - 10~ H/m

2Time-harmonic/single-frequency (w), linear relationship between electrical
displacement/magnetizing field and electrical/magnetic field, i.e., £ — €D,
H= LB

3Sufficient regularity of the right-hand sides: J(z), M(z), and the co-
efgcients: e(x), o(x), u(z). Sommerfeld radiation conditions at infinity in

with ag = iw (u(x) — po) and b(x) = iw (e(z) — o) + o ().
Here, G (x,y) is the dyadic Green’s function,

<a(1'73/) =
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where ko = w /oo, G(x) = 47r| K I is the 3 x 3 identity
matrix, and
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then the solution to eqn. (4) is characterized by
E(z) Eo(f)} {E(ff)]
= A . 12
{mw]{mu>+ H(z) (12

See [19] for a proof.

Remark: Eqn. (11) corresponds to the incoming field in a
homogeneous background medium.

Superscripts of the form -*, -¥, -* are used to denote the
Cartesian components of the quantity under consideration. In
particular, one should not confound the superscript and the
argument in our expressions; for instance, E”(x) refers to the
z-component of the electric field evaluated at x € R3. Also,
given any vector v € RY, we use [v],, for n € {1,2,.... N}
to designate its n'" component.

III. ALGORITHM

In this section, we provide a description of our algorithm
which corresponds to a generalization of the truncated kernel
algorithm introduced by Vico et al. [10] to electromagnetic
waves (see also Section I-A). To begin, consider the (scalar)
free-space convolution,

0= [ G-

where it is assumed that the function f is both smooth
(f € C*(R?)) and compactly supported in the unit cube
C =[-0.5,0.5)°.

Let I g,(1)(z) be the indicator function of the ball By(1) of
radius 1 centered at the origin, i.e., [5,(1)(x) = 1if x € By(1)
and O otherwise. Then for all € C, due to the properties of
f one can write,

G =)o —y) y) dy
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y) dy, (13)

u(z) = (14)



where F[-] and F~1[] represent the Fourier transform and its
inverse, respectively. Also, note the second equality follows
from the properties of the Fourier transform; convolutions
correspond to point-wise multiplication in Fourier space.

Importantly, we note that the function
F[G(y) Is,y(9)] (€) s entire? and that F[f(y)] (€)
is smooth and decays exponentially fast as a function of |¢|.5
In particular, given (n;,n,,n,) € N one can analytically
compute,

1+ ei* (cos(|€]) — iy sin(lé]))
(k= T€D (k + €]
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Combining everything, the integral in eqn. (15) can be dis-
cretized using the trapezoid rule as

.n-
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which we recognize as a Discrete Fourier Transform (DFT).
A similar discretization can be obtained for expressions of the
form,

/ G () () d, / Vx Gy fpdy  (9)

using eqn. (17). In addition, it is possible to reduce the size
of the DFTs from (41N)3 to (2V)? through a pre-computation
step (Algorithm 1). Finally, by leveraging the speed of the
FFT, this scheme leads to a fast (O(N log(N)) algorithm for
the application of the matrix A in Theorem 1. Pseudo-code
for that is provided in Algorithms 2-3. We refer the reader to
[10] for a more detailed discussion on the discretization of the
integral and the choice of V.

We describe the algorithms below. For this purpose, we
introduce a few definitions. First, we let

I ={-M,—M+1,...M -1} (20)
Then, we introduce the ”index* sets,
D) — {ng,ny,n.} (21
D) = {(ng,n4), (ny,ny), (nz,n2), (22)
(2, ny), (e, n2), (ny, )} (23)

These corresponds to the derivative indices; the elements of
DM will be used to denote first-order derivatives d(*) in z,
y and z, respectively, whereas D) will be used to denote
second-order derivatives 9(%1:%2). The truncation of an array
X to the indices in an index set [ is written X | ;- Finally F
and F~! represent the Discrete Fourier Transform (DFT) and
its inverse, respectively.

4Following the Paley-Wiener theorem [20]
SBecause of the smoothness of f; see, e.g., [21]

ay) HBOO)(y)} (©) = (€= €10 €72) (o).

Algorithm 1 Kernel pre-computation (PRECOMP)

Input: N
Let DM, D@, Iy and Iyx be as in eqn. (20)-(22).
for n € I4n, do
G, G (n) (eqn. (16))
Gyun F! é
end for
for « € DU do
for n € Iyy do
{fojv)]n oG, (eqn. (17)
end for
G PG
o e
G Faly
end for
for (B1,52) € D@ do
for nec Iy do
G5™] 51682 G (ean. (17))
end for "
Gfg\}"[b) — 1 é(ﬁl,[b)
G%m - Gfﬁ\}’ﬂz)’
GlBrB) FG%ﬂff”

end for . R
Output: Gaon, {Gé?\;}

{é(ﬂl»ﬁ?)}
aeDp®’ N (B1,B2)€DP

Algorithm 2 FFT-based kernel application (KER)

Input: f, G ,{G(a)} ’{é(ﬁhﬁz)}
nput: f, Gaon 2N [ hep 2N (B1,82)€D@

Let DM, D@ I,y and Ix be as in eqns. (20)-(22).
. ifnel
Pad with zeros: [fan],, = (J;" otherwi sz

fon « F fon

for a € D(Al), (/611 B2) € D@ do
fon < Gon - fan
) fon G;\; - fan
8(51,52)f2N — 62%7[32) 'f2N
v F! sz‘

In
O fx + F710 fon ,
N

9(B1B2) £ 1 §lBrB2) fQN‘

I
Output: fx, {0 fn}, {3(61,62)}]\[}
end for




Algorithm 3 Fast Matrix-Vector Product (* indicates pointwise multiplication)

Input: €, H, €g, o, N

Let ay = o (3% ) Inerns b = {b (35 ) Inern
for o € DU, (By, B2) € DB do

Gon, {ng‘v}, {Géﬁ}’ﬁ 2)} <+ PRECOMP(N) // this is independent of inputs and should be pre-computed
En, {0 @ENY {81 FEN ) « KER (bN « &, Gan, {Gg‘j@} : {G‘gﬁi’ﬁ?)}
H, {0 M} {00 My} KER ((—an) + H, Gon, { G} {a(ﬁl )y

( Hy)
( z)Hr _ a(r 7\[)
( o@) ”Hy — 5(1/)7_[96)
a(z)gy)

—OWeER)

end for '

E® = —iwpgEy — “he (0@ EY + 0TVEY + 9@ ER) + (0WHE — 0©

BY = —iwpoEy — 55° (a(x,y)gﬁ +oWwEY + a(y,z)g]zv) 4

E* = —iwpgE% — wligto ([«)(z 2 ga: a(%z)gy o(z:2) g2 ) +

H® = iwegHg, + 250 (9@ N, + a@w Hy o %)+ (0WEL —

HY = iwegHY + mo (o ww oW Hy o5, %)+ (a<z>5x -9 W:z)
H* = iwegHi + MO (o ZWE +ayz>Hy +a<z D9, i)+ (0

Output: £, H

We have implemented Algorithms 1-3 in the C program-
ming language. Performance results are provided in Sec-
tion IV.

A. Parallelization

Our shared-memory parallelized implementation of Algo-
rithm 2 relies on OpenMP [22] as well as a parallelized version
of FFTW [23]. By re-arranging operations in Algorithm 3, we
bring the total number of FFT per matrix-vector product down
to 7, each of which is performed in parallel. Each of the loops
is effectively a point-wise vector multiplication, which has
been optimized for data locality and using temporary registers
where necessary to ensure all OpenMP threads run with opti-
mal concurrency. Additionally, we use a priori wisdom about
the nature of the input data to construct the best FFTW plans;
these plans are allocated once and re-used through pointer
swapping in memory to increase efficiency and decrease any
time wasted on memory allocation routines.

IV. NUMERICAL RESULTS

In this section, we present the results of five numerical
experiments. The first is a showcase example with 6 - 128% =
12,582,912 unknowns. We then present results related to
asymptotic, strong, and weak parallel scaling for Algorithm 3
— the core part of the solver. Finally, we show how refining
the grid affects time and accuracy.

The showcase example has a source at (0,0,2)m with a
randomly oriented magnetic dipole moment and a frequency
of 1 GHz. The medium is supported within [—0.5,0.5]*m and
consists in anisotropic permittivity and permeability random
and smooth distributions located within a Gaussian lense
(Figure 1). The discretization is uniform and uses N = 128
points per dimension. The maximum permittivity is 10ey, and
the maximum permeability is .994. Computed cross-sections
of the total electric fields (£) are plotted in Figure 2. The
effects of the randomness and the Gaussian shape of the
medium are clearly visible.

-0.4
-0.2

Xemyy,0:0
axis (m)o.z

0.4

Fig. 1: z-component of permittivity (e) of medium.

Next, we studied the asymptotic, weak parallel and strong
parallel scaling of the algorithm (Figure 3-5). For each simu-
lation, we used N points per dimension, for a total of 6 - N3
unknowns. Each test case was run 10 times, using random
inputs £ and H, and the mean of those times is plotted along
with error bars representing the standard deviation of the trials.

To study the asymptotic complexity, we used a single pro-
cessor on various problem sizes. The results are shown in Fig-
ure 3, from which an asymptotic quasi-linear (O(N log(N)))
scaling can be observed.

Results pertaining to parallel scalings are shown in Fig-
ure 4 and Figure 5. Details about the number of unknowns
per processor are presented in Table I and comparison with
theoretical expectations are shown in the figures. The column
“ratio of times” refers to the ratio of the mean time taken
for the number of processors in that row to the mean time
taken for the number of processors in the previous row. The
mean times are plotted in Figure 5. Advantageous weak scaling
holds until about 16 processors, and the strong scaling exhibits
a behavior similar to the perfect theoretical scaling within the
whole studied range.



Fig. 2: Real part of the numerically computed electric field () generated from a random magnetic dipole located at (0,0, 2)m
traveling through a random, anisotropic Gaussian lense.
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Fig. 3: Asymptotic scaling of Algorithm 3 on 1 processor.
Solid line: mean wall time with error bars(one standard devi-
ation). Dashed line: theoretical linear and quadratic scalings.
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Fig. 4: Strong parallel scaling of Algorithm 3 with N =
12,582,912 total unknowns. Solid line: mean wall time with
error bars (one standard deviation). Dashed line: perfect the-
oretical scaling ().

The final experiment involved computing the solution to
Maxwell’s equations with different numbers of points per
dimension and study the behavior of the error. To do so, we
used a background medium consisting of isotropic permittivity
and permeability distributed as Gaussians centered at the
origin, with a standard deviation of 0.075 and a maximum
values 10 - €9 and 5 - pg, respectively. A randomly oriented
magnetic dipole located at (0,0,5)m was used as a source,
and the field was computed in the unit cube [—.5,.5]* m for
N € {16,32,64,128} points per dimension. The results are
presented in Table II. If Fy is the vector of electric or magnetic
field measurements with N points per dimension and Fg is
the vector of field measurements with N = 128, the relative
error is calculated as W.é The precomputation time
is the wall time in seconds for Algorithm 1. We use LGMRES
to solve eqn. (12). Each iteration of LGMRES is an application
of Algorithm 3. The seconds per iteration is the total solver
time (with a tolerance of 10~!%) divided by the number of

50nly coinciding gridpoints are considered.

TABLE I: Weak scaling data

# processors  # unknowns  unknowns per processor  Ratio of times
1 1,572,864 1,572,864
2 3,072,000 1,536,000 1.35
4 6,000,000 1,500,000 1.24
8 12,582,912 1,572,864 1.28
16 24,576,000 1,536,000 1.79

‘Wall time (s)

1 2 4 8 16
Number of processors

Fig. 5: Weak parallel scaling of Algorithm 3. Solid line: mean
wall time with error bars (one standard deviation).

iterations. Sixteen processors were used for these simulations.
As expected, the error decays exponentially fast.

TABLE II: Grid refinement results

pts/dim & rel. err.  H rel. err. precompute time # LGMRES iters s/iter

16 1.3x10726.3x10°3 0.067 8 0.225
32 26x107%1.8x 104 0.15 10 1.64
64 3.8x10771.8x 1077 2.31 12 143
128 — — 25.79 12 1400

V. CONCLUSION

In conclusion, we have presented a generalization of a
truncated kernel technique for the solution of Maxwell’s equa-
tions in 3D. Our implementation of the algorithm efficiently
employs FFTs, which run in parallel, enabling large scale and
fast simulations. The shared-memory implementation permits
us to reach problems with hundreds of millions of unknowns
thanks to an advantageous scaling (Section IV). However, as
the number of processes increases such advantages are dimin-
ished due to the overhead from the non-parallelized portions
of the implementation, including memory management and
communication between threads. To achieve exascale, one
must be capable of scaling well into the 1000s of processors.
To do so, a distributed processes approach (e.g. MPI [24]) is
more appropriate. Unfortunately, communications associated
with the FFT are well-known to inhibit such scaling [25]. To
overcome this bottleneck, and as part of our future work, we
intend to study the use of the communication-avoiding FFT
[26] together with highly efficient matrix-vector and vector-
vector routines on GPUs, optimized for optimal data locality
and parallelization using Reservoir Labs’ proprietary R-Stream
compiler [27].
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